We define and study a certain relative tensor product of subfactors over a modular tensor category. This gives a relative tensor product of two completely rational heterotic full local conformal nets with trivial superselection structures over a common chiral representation category. In particular, we have a new realization of fusion rules of modular invariants. This also gives a mathematical definition of a composition of two gapped domain walls between topological phases.
Introduction
The theory of subfactors due to Jones [21] has been a very powerful tool in conformal field theory. We study some aspects of full conformal field theory from a viewpoint of subfactors and modular tensor categories. (We consider only unitary modular tensor categories in this paper. ) We are interested in a subfactor N ⊂ M with finite Jones index [M : N ]. In conformal field theory, it is often useful to formulate a subfactor N ⊂ M in terms of a Q-system Θ = (θ, w, x) where θ is an endomorphism of a type III factor N with separable predual and w ∈ Hom(id, θ), x ∈ Hom(θ, θ 2 ) as in [31] . When θ is an object of an abstract modular tensor category C, we say Θ is a Q-system on C. (Note that any modular tensor category is realized as a subcategory of End(N ) for a type III factor N .) It is also often called a C * -Frobenius algebra on C. When we have x = ε(θ, θ)x, where ε denotes the braiding, we say that the Q-system Θ is local. It is also often said that it is commutative. We say Θ is Lagrangian if we have (dim θ) 2 = dim C. (See [11, page 153] for the origin of this terminology.) See [22] and references therein for more on subfactors and tensor categories. Our basic reference on modular categories is [2] . See [14] for basics of subfactor theory.
Let {A(I)} be a completely rational local conformal net in the sense of [26] , [24] , and let C be the Doplicher-Haag-Roberts representation category of {A(I)}. (It is a modular tensor category by [26] .) A maximal full conformal field theory in the sense of [25] is given by a local Lagrangian Q-system on C ⊠ C opp as in [25] , where "opp" means the opposite modular tensor category for which the braiding is reversed. (Also see [4, Proposition 6.7] .) Let θ = λ∈Irr(C),µ∈Irr(C opp ) Z λµ λ ⊠μ be the object of such a Q-system on C ⊠ C opp , where "Irr" means the set of equivalence classes of simple objects in the modular tensor category. The matrix Z = (Z λµ ) is then a modular invariant in the sense that it commutes with the S-and T -matrices arising from C as in [4, Proposition 6.6 ]. Suppose we have two such modular invariants (Z 1 λµ ) and (Z 2 µν ). Then the matrix product Z 1 Z 2 clearly satisfies the properties of the modular invariant except for the normalization condition Z 00 = 1 where 0 denotes the identity object of the modular tensor category C. It is sometimes possible to have a decomposition Z 1 Z 2 = i Z 3,i into modular invariants Z 3,i . Such decomposition rules of matrix products have been studied under the name of fusion rules of modular invariants in [13] , [15, Section 3.1] , [16, Remark 5.4 (iii) ]. We have a machinery of α-induction for subfactors as in [32] , [6] , [7] , [8] , [9] , and it produces a modular invariant as in [7] . It gives a Q-system on C ⊠ C opp as in [35] , and this is a general form of a maximal full conformal field theory on C ⊠ C opp as in [4, Proposition 6.7] . The results in [15, Section 3.1], [16, Remark 5.4 (iii) ] say that a braided product of Q-systems on C gives a fusion rule of the corresponding Q-systems on C ⊠ C opp . In this way, we indirectly have an irreducible decomposition of a certain relative tensor product of two local irreducible Lagrangian Q-systems on C ⊠ C opp .
One typical example of such fusion rules is given as follows. Let C be the modular tensor category corresponding to the WZW-model SU ( 
We would like to extend this relative product to the irreducible local Lagrangian Q-
in this paper where C 1 , C 2 , C 3 can be different. This setting corresponds to a heterotic full conformal field theory.
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A relative tensor product of Q-systems
We consider a Q-system Θ = (θ, w, x) where θ is an endomorphism of a type III factor N with separable predual and w ∈ Hom(id, θ), x ∈ Hom(θ, θ 2 ). We adapt [5, Definition 3.8] , which means that such a Q-system corresponds to an inclusion N ⊂ M where M may not be a factor. We have N ′ ∩ M = C if and only if the Q-system Θ is irreducible.
We recall the following proposition in [33] . (Also see [12, Proposition 3.7, Corollary 3.8].) Proposition 2.1 Let Θ = (θ, w, x) be an irreducible local Q-system where θ is of the form
) Z λµ λ ⊠μ for some modular tensor categories C 1 , C 2 . Then it is Lagrangian if and only if we have the modular invariance property S C 1 Z = ZS C 2 and T C 1 Z = ZT C 2 for the matrix Z = (Z λµ ), where S C 1 , S C 2 , T C 1 , T C 2 are the S-matrix for C 1 , S-matrix for C 2 , T -matrix for C 1 and T -matrix for C 2 , respectively.
This was first raised as a problem in [36, Section 3] in the context of full conformal field theory, and proved by Müger [33] and an unpublished manuscript of Longo and the author. This is valid in a general context of a modular tensor category. Let (θ, w, x) be another Q-system where θ is of the form λ∈Irr(C 1 ),µ∈Irr(C 2 ) Z λµ λ ⊠ µ for some modular tensor categories C 1 , C 2 . By applying [20, Corollary 3.10], we have a new Q-system (θ 1 , w 1 , s 1 ) with θ = λ∈Irr(C 1 ) Z λ0 λ where 0 denotes the identity object of C 2 . We call it the restriction of Θ to C 1 . Now let Θ 1 = (θ 1 , w 1 , x 1 ) and Θ 2 = (θ 2 , w 2 , x 2 ) be Q-systems where
for some modular tensor categories C 1 , C 2 , C 3 . Let Θ 1 ⊠ Θ 2 be the tensor product of the two Q-systems for which the object is given by
By applying the T functor to the C 2 components, we obtain a new Q-system whose object is
By restricting this Q-system to C 1 ⊠ C opp 3 , we obtain a new Q-system whose object is
Definition 2.2 We call the above Q-system the relative tensor product of Θ 1 and Θ 2 over C 2 and write
From the definition, it is easy to see the following.
Proposition 2.3
The relative tensor product operation is associative.
To apply this notion to a full conformal field theory, we need the following.
Proposition 2.4
If two Q-systems are both local, then the relative tensor product Θ 1 ⊗ C 2 Θ 2 is also local.
Proof. For notational simplicity, we may treat
as a single modular tensor category, so we simply write
as if C 3 were the trivial modular tensor category Vec of finite dimensional Hilbert spaces.
Locality of the tensor product Q-system Θ 1 ⊠ Θ 2 is represented as in Fig. 1. (We follow the graphical convention of [7, Section 3] , but compose morphisms from the bottom to the top, which is a converse direction to the one in [7, Section 3] .) In this picture, the triple points on the left hand side denote x 1 , x 2 , x 2 , respectively. The second braiding on the right hand side is reversed because we have C opp 2 for this component. Figure 1 : Locality (1) From Fig. 1 , we connect the wiresμ ′′ and µ ′′ 1 , the wiresμ and µ 1 , and the wiresμ ′ and µ ′ 1 on the both hand sides so that the wires connectingμ and µ 1 go over the ones connectingμ ′ and µ ′ 1 . Then we obtain Fig. 2 . Then the Reidemeister move II on the most right picture of Fig. 2 produces Fig. 3 . Fig. 3 represents the locality of We consider the irreducible decomposition )Z λµ λ ⊠μ withZ λµ ≥ Z λµ for all λ ∈ Irr(C 1 ), µ ∈ Irr(C opp 2 ) and Z 00 = Z 00 = 1 where 0 denotes the identity objects of C 1 and C 2 .
Proof. LetC be the modular tensor category arising as the ambichiral category from the Q-system Θ as in [8, Theorem 4.2] . (Note that the ambichiral objects correspond to dyslectic/local modules in the terminology of [11] , [12] .) By [9, Corollary 4.8 Proof.
λν λ ⊠ν be the object for Θ i 3 . By Proposition 2.1, being Lagrangian for Θ i 3 is equivalent to modular invariance property
, where S C 1 , S C 3 , T C 1 , T C 3 are the S-matrix for C 1 , S-matrix for C 3 , T -matrix for C 1 and T -matrix for C 3 , respectively.
Note that C 1 and C 2 are Witt equivalent, and so are C 2 and C 3 . Hence C 1 and C 3 are also Witt equivalent and each Θ i 3 has a Lagrangian extensionΘ i 3 whose object is
λν λ ⊠ν by Lemma 2.5 and we have S C 1Z 3,i =Z 3,i S C 3 and T C 1Z 3,i = Z 3,i T C 3 by Proposition 2.1. By Lemma 2.5, we may writeZ
λν , where eacĥ Z
3,i
λν is a non-negative integer.
Since the matrix i Z 3,i also has the modular invariance property, the matrixẐ 3 = iẐ 3,i also has the modular invariance property. This implies λν S C 1 ,0λẐ
3 λν S C 3 ,ν0 =Ẑ 3 00 , but Z 3 00 = i Z 3,i 00 = 0 and S C 1 ,0λ > 0, S C 3 ,ν0 > 0. We thus haveẐ 3 λν = 0 for all λ ∈ Irr(C 1 ) and ν ∈ Irr(C 3 ). This proves the modular invariance property S C 1 Z 3,i = Z 3,i S C 3 and
Note that the use of modular invariance in the last paragraph of the above proof is the same as in [17, p. 726 (5.2) ].
This relative tensor product of Q-systems looks similar to that of bimodules, but the example of the A 17 -D 10 -E 7 modular invariants mentioned in the Introduction shows that their fusion rules do not give a fusion category since the rigidity axiom is not satisfied.
We have interpreted an irreducible local Lagrangian Q-system on C 1 ⊠ C 2 as a gapped domain wall between topological phases represented with C 1 and C 2 in [23, Definition 3.1]. (See [18] , [19] , [30] for physical treatments of gapped domain walls.) From this viewpoint, the above relative tensor product gives a mathematical definition of the composition of gapped domain walls mentioned in [30, Fig. 1 (d) ]. (Note that irreducibility of a Q-system is called stability of a gapped domain wall in [30] .) A mathematical definition of such a composition has been studied in [29] , [1] . It would be interesting to compare the above definition with theirs.
Another construction of fusion product with some formal similarity has been defined in [3] . It would be interesting to find direct relations to their construction.
